This paper presents a mathematical model characterizing the behavior of a commonsource (CS) amplifier using a ferroelectric field-effect transistor (FeFET). The model is based on empirical data and incorporates several variables that affect the output, including frequency, load resistance, and gate-to-source voltage. Since the commonsource amplifier is the most widely used amplifier in MOS technology, understanding and modeling the behavior of the FeFET-based common-source amplifier will help in the integration of FeFETs into many circuits.
Introduction
The application of FeFETs in analog circuit design is a relatively new and unexplored field. FeFET-based amplifiers differ from their MOSFET counterparts due to the FeFET's unique characteristics of hysteresis and nonlinearity. Since the MOSFET common source (CS) amplifier is the most prevalent type of amplifier, modeling the behavior of the FeFETbased CS amplifier is a crucial step in understanding FeFET amplifier behavior. Thus, a mathematical-based model was developed to characterize the FeFET CS amplifier. The model is based on empirical data and incorporates numerous input and output parameters in order to provide a good approximation of the amplifier's behavior.
FeFET CS Amplifier Circuit Configuration
A FeFET CS amplifier is built using a FeFET and a resistor. A 4 × 400 µm FeFET obtained from Radiant Technologies Incorporated was used. Figure 1 shows the FeFET CS amplifier circuit configuration. A load resistor, R, is connected to the drain of the FeFET. V DD is the voltage from the drain of the transistor, above R, to ground. The source of the FeFET is grounded. The input voltage is provided from the FeFET's gate to ground. The input voltage is comprised of two signals: the DC/large signal V GS and the AC/small signal v gs , which combined provide the total input voltage v GS . The output voltage V out is taken at the drain below the load resistor. Thus, V out is equivalent to the drain-to-source voltage of the amplifier.
Description of the Model
The model was created in Microsoft Excel and is based on the equations [1] for the drain current, I D , that are derived from the Fermi-Dirac equation. When the gate voltage is on,
When the gate voltage is off,
In these two equations, I D is the drain current, I DSAT is the drain current when the FeFET is in saturation, B is the drain current decay coefficient, k is a constant defining the rate of change of the function, t 1 is the elapsed time in seconds since the last poling, and V gs is equivalent to V GS . V p is known as the polarization voltage, and it is the gate voltage at which half the saturation current is reached. Each FeFET has two different V p 's, one is for the negatively-poled drain current, while the other is for the positively-poled current. This provides the hysteresis characteristic of the FeFET's I-V relationship [2] . The model allows the user to enter the desired value for several of the parameters that affect the output. The user can define values for V DD , load resistance (R load ), input frequency, amplitude of V in (V in,amp ), which is equivalent to v GS , DC offset of V in (V in,offset ), frequency coefficient, maximum drain current (I Dmax ), and maximum effective resistance of the FeFET (RQ max ). V in,amp of the model is defined as half the peak-to-peak voltage of the input signal. The variable frequency coefficient regulates the effect of the input frequency parameter. I Dmax and RQ max are used to calculate I D and the effective resistance of the FeFET (RQ), respectively. Other parameters incorporated into the model include positive V p (V p,pos ) and negative V p (V p,neg ) and k, which is the constant given in Equations (1) and (2) . The parameters V p,pos , V p,neg , k, I Dmax , RQ max , and frequency coefficient are determined through experimentation. All these variables are input by the user into the Excel spreadsheet of the model [2] .
Equations of Variables
The FeFET CS amplifier model incorporates several variables that are calculated by specific mathematical equations. These variables are functions of the user-input parameters and are programmed into the Excel spreadsheet. These equation-based variables are V in , V in,phased , phase shift, Polarization1, Polarization2, I Dpos , I Dneg , I D , I D,FA , RQ, and V out . V in is the value of the input voltage that takes into account both V in,amp and V in,offset , if given. The value of the input voltage that also includes phase shift is V in,phased . The parameter phase shift reflects the phase shift present at higher frequencies. Variables Polarization1 and Polarization2 model the polarization property of ferroelectric material. I Dpos is the drain current found using V p,pos when the gate voltage is on, while I Dneg is the drain current found using V p,neg when the gate voltage is on. I D is the final value of the drain current. I D,FA is the frequency adjusted value of I D . Thus, I D,FA adjusts I D based on the input frequency and frequency coefficient. RQ is the effective resistance of the FeFET and is adjusted so that it does not exceed RQ max . Finally, V out is the output voltage. The equation for each parameter is given in the following set of equations. At all other test points, 
The V in and V in,phased equations are based on the sinusoidal wave equation [3] given by
where A is the amplitude of the signal, ω is the radian frequency in radians per second, t is time in seconds, θ is the phase angle in radians, and D is the DC offset. In the equation for 
Only the radian equivalent of the degree value of each point is used in the equations for the variables. The term ωt is equivalent to 2π ft, where f is frequency, and t in this model is a multiple of the period 1/f (t = n/f , where n is a nonnegative number). This reduces ωt to 2π n. However, degree value can be rewritten as 360n/30, whose radian equivalent is given by 2π n/30. Thus, ωt in Equation (21) is replaced with 2π n/30 in the equations for V in and V in,phased , and the term 2π n/30 is denoted by radian value [2] . The equation for phase shift is obtained by examining the empirical results of multiple test data. Plotting the phase shift vs. the logarithm of the input frequency of these data showed that when log 10 frequency is less than or equal to 4.5, there was effectively no phase shift, while when log 10 frequency is greater than 4.5, the phase shift was given by the relationship shown in Equation (5).
The equation for each of the other variables is derived from the basic properties of ferroelectric material. The polarization variables, Polarization1 and Polarization2, are initially set to zero, then altered based on the value of V in at the current test point. If V in is greater than V p,pos , then Polarization1 is 1, otherwise it is set to its value at the preceding test point. Polarization2 is 0 if V in is less than V p,neg . If V in is greater than or equal to V p,neg , Polarization2 takes the value of Polarization1 at the current test point. The equations for I Dpos and I Dneg are derived from the Fermi-Dirac-based equation for I D when the gate voltage is on, where V p in Equation (1) is replaced with V p,pos for I Dpos and V p,neg for I Dneg , I DSAT is replaced with I Dmax , and V gs is replaced with V in,phased . The term B * log(t 1 ) in Equation (1) is ignored in this model with little loss of accuracy. I D equals I Dpos if Polarization2 is 1 and I Dneg if Polarization2 is 0. RQ is given by V DD /I D,FA , where V DD is assumed to be 1 V. RQ is adjusted so that it does not exceed the maximum allowed value for the resistance of the FeFET. V out is determined by examining the circuit configuration of Fig. 1 . From this configuration, it can be seen that V out is found using the technique of voltage division across R and the FeFET's effective resistance. This set of equations and the user-input parameters provide a very good approximation of the behavior of the FeFET CS amplifier [2] .
Modeled and Measured Data Analysis
The accuracy of the model was verified by comparing the model's output with the corresponding empirical results for several test cases. Before presenting the tested and modeled outputs, it must first be noted that this model is the first mathematical-based computer model to characterize the FeFET CS amplifier's behavior and is therefore an initial version of more rigorous models that can be created in the future.
Similar to the oscilloscope output plots, the model generates plots of V in and V out with respect to time. Three test cases are provided. For each test case, a table of the values of the user-input and experiment-based parameters is given. Also, the oscilloscope and model output plots are shown. For all cases, the sum of V in,amp and V in,offset never exceeds 8 V so that the FeFET is not burned.
Test Case I
For the first test case, V DD was set to 4 V, V in,amp was 2 V, V in,offset was 0.25 V, the load resistance was 10 kΩ, and the input frequency was 10 kHz. Since the logarithm of frequency was less than 4.5, phase shift was 0. Table 1 lists the values for the user-defined and experiment-based variables. The values for I Dmax , V p,pos , V p,neg , k, frequency coefficient, and RQ max were determined by experimentation. For all test cases, I Dmax was set to 3 mA, V p,pos was set to 2.5 V, and RQ max was set to 1 MΩ. The values for V p,neg , k, and frequency coefficient were chosen by experimenting with the effect of each coefficient individually. In all the test cases, V p,neg takes on one of two values: −0.5 V or −1.5 V. For this test case, a value of −0.5 V for V p,neg was found to be the ideal value for that parameter since decreasing it to −1.5 V resulted in a narrower and smaller output signal than desired. The chosen value for k was the only one that provided a correctly-shaped output signal. Lower values for k led to a very narrow and small output signal, while values for k larger than 5 removed the desired rounded effect of the peaks of the signal. Increasing frequency coefficient above 1.5 resulted in a narrower signal than the oscilloscope output and lowered the troughs of the waveform, while decreasing this parameter's value raised the troughs of the signal. Figures 2 and 3 show the outputs of the oscilloscope and the model, respectively. 2 and 3 , it can be seen that the modeled output signal is very similar in shape and value to the oscilloscope's signal. V out of the oscilloscope ranges from 0.341 V to 3.86 V, and V out of the model ranges from 0.3 V to 3.91 V, which is a very good approximation of the actual signal. Also, the modeled waveforms intersect at nearly the same points as the signals generated by the oscilloscope. One improvement that could be made to the modeled output is to round out the troughs of the V out waveform, but overall, the modeled waveforms closely resemble the oscilloscope's signals.
Test Case II
For the second test case, V DD was again set to 4 V, the amplitude of the input signal was 6 V, no offset was added to the input signal, the load resistance was kept at 10 kΩ, and the input frequency was 100 Hz. Phase shift was again 0 since the logarithm of frequency was less than 4.5. As was aforementioned, I Dmax , V p,pos , and RQ max remained unchanged. It was found that the ideal values for the parameters V p,neg , k and frequency coefficient were −1.5 V, 8, and 1.7, respectively. Table 2 lists the values for all these variables.
As in the previous test case, the effect of each of V p,neg , k and frequency coefficient was determined through experimentation. V p,neg was set to −1.5 V since a value of −0.5 V for this variable resulted in jumps in the output signal. The parameter k was set to 8 in order to eliminate the jumps occurring at the peaks of V out 's modeled waveform. Increasing k above 8 narrowed the troughs of the output signal more than was desired. It was noted that decreasing frequency coefficient below 1.1 shifted the troughs of the output waveform up, while increasing the parameter's value above 1.1 shifted the troughs downward. Figure 4 shows the output waveforms of the oscilloscope, and Fig. 5 is the plot of the modeled waveforms.
There are several important similarities between Figs. 4 and 5. The input and output waveforms produced by the model intersect at almost the same points as the oscilloscope signals. Also, the range of the model-generated output signal is very close to that of the oscilloscope's signal: V out of the oscilloscope ranges from 0.246 V to 3.94 V, and the model's V out ranges from 0.229 V to 3.96 V. Taking into account the fact that the waveforms for V in and V out are plotted on different scales on the oscilloscope plot (2 V per division for V in and 1 V per division for V out ) but on the same scale on the modeled plot, it can be seen that the modeled plot closely resembles the oscilloscope plot.
Test Case III
For the final test case, V DD was increased to 6 V, V in,amp was 1 V, V in,offset was 2 V, the input frequency was 250 kHz, and R load was 10 kΩ. Here, phase shift was −73.6311 since the logarithm of frequency was greater than 4.5. Table 3 lists the parameter values.
Experimenting with the effect of each of V p,neg , k and frequency coefficient, the ideal value of each parameter was determined to be −1.5 V, 1.55, and 2, respectively. Changing V p,neg did not cause significant changes in the output signal, so a common value of −1.5 V was selected for that parameter. When k was increased above 1.55, the peaks of the modeled V out increased above the observed values, whereas when k was decreased below 1.55, the peaks decreased significantly. Increasing frequency coefficient above 2 shifted the entire output waveform downward, while decreasing it shifted the waveform upward. Figures 6  and 7 show the oscilloscope and model plots, respectively. Due to the different scales used on the oscilloscope plots (V in is plotted on a 1 V per division scale, while V out is plotted on a 2 V per division scale), the oscilloscope and model plots do not look as similar in this test case as in the previous test cases. However, if the oscilloscope-generated waveforms were plotted on the same scale, the plots would closely resemble the modeled plots. Also, the points of intersection on the oscilloscope plots are in fact approximately the same as those on the modeled plots when the scale difference is taken into account. Moreover, the range of the empirical oscilloscope output signal is from 0.650 V to 3.05 V and is very close to the range of the modeled V out , which is 0.697 V to 3.015 V. This test case differs from the previous test cases in the presence of phase shift in the modeled parameters. According to the oscilloscope, there is a phase shift of −110 • between the input and output voltage signals, where the output signal lags the input signal. The value of phase shift was modeled to be −73.6311 • ; however, due to the inherent presence of −180 • phase shift in the model, the actual amount of phase shifting determined by the model is given by −73.6311 − (−180) = 106.3689 • lagging, which is very close to the empirical phase shifting value. Therefore, the model provides an accurate representation of the actual output signal.
Conclusion of Data Analysis
Examining the output of the test cases, it can be seen that the model provides a very good estimate of the empirical results. All the modeled output signals resemble the measured signals in shape and magnitude. As the first mathematical-based computer model of a CS FeFET amplifier, it is reliable, efficient, and easy to use. Moreover, the model is efficient and simple enough to be easily improved in the future.
